Abstract. In this paper we prove the following result, which is related to a classical result of Chernoff. Let X be a real or complex Banach space, let A(X) be a standard operator algebra on X and let L(X) be an algebra of all bounded linear operators on X. Suppose we have a linear mapping
of Herstein theorem can be found in [1] . Cusack ([4] ) generalized Herstein theorem to 2−torsion free semiprime rings (see also [2] for an alternative proof). Let X be a real or complex Banach space and let L(X) and F (X) denote the algebra of all bounded linear operators on X and the ideal of all finite rank operators in L(X), respectively. An algebra A(X) ⊂ L(X) is said to be standard in case F (X) ⊂ A(X). Let us point out that any standard algebra is prime, which is a consequence of Hahn-Banach theorem.
Let us start with the following result proved by Chernoff ([3] ) (see also [6, 7] ).
Theorem A. Let X be a real or complex Banach space and let A(X) be a standard operator algebra. Let D : A(X) → L(X) be a linear derivation. In this case D is of the form D(A) = AB − BA for all A ∈ A(X) and some B ∈ L(X).
It is our aim in this paper to prove the following result which is related to the result mentioned above. Theorem 1. Let X be a real or complex Banach space and let A(X) be a standard operator algebra on X. Suppose we have a linear mapping
for all A ∈ A(X) and some fixed integers m ≥ 1, n ≥ 1. In this case there exists B ∈ L(X), such that the following statements are fulfilled
In the proof of the result above we shall use Herstein theorem and Theorem A.
Proof. We have the relation
Let A be from F (X) and let P ∈ F (X) be a projection with AP = P A = A. From the above relation one obtains
Right multiplication of the above relation by P gives (2) P D(P )P = 0.
Setting A + αP for A, α ∈ F , in the relation (1) we obtain
Collecting all expressions with coefficient α m+n−2 and all expressions with coefficient α m+n−1 from the above relation gives
and
respectively. The above equations reduce into
respectively. Applying the relation (2) and the fact that AP = P A = A, we have
Similarly one obtains that (6) AD(P )P = 0.
Right multiplication of the relation (4) by P and using (6) we obtain
Similarly one obtains using (5)
Subtracting the relation (8) from the relation (7) we obtain
Using the relation (9) in the relation (4) we obtain
From the above relation one obtains
Using the above relation in the relation (3) we obtain after some calculation
for any A ∈ F (X). From the relation (4) one can conclude that D(A) ∈ F (X) for any A ∈ F (X). It means that D is a mapping which maps F (X) into itself. According to the relation (12) we have therefore a Jordan derivation on F (X).
As we have mentioned at the beginning of the paper any standard algebra is prime, which is a consequence of Hahn-Banach theorem. Since F (X) is prime all the assumptions of Herstein theorem are fulfilled and one can conclude that D is a derivation. Applying Theorem A one can conclude that D is of the form
for all A ∈ F (X) and some B ∈ L(X). This proves the statement (i) of the theorem. It remains to prove the statement (ii). Let us introduce
The mapping D 0 is, obviously, linear and satisfies the relation (1). Besides D 0 vanishes on F (X). Let A ∈ A(X), let P ∈ F (X), be a one-dimensional projection and S = A+P AP −(AP +P A). Since, obviously, S−A ∈ F (X), we have D 0 (S) = D 0 (A). Besides SP = P S = 0. We have therefore the relation
Applying the relation (14) and the fact that SP = P S = 0, D 0 (P ) = 0 we obtain
We have therefore
Putting 2A for A in the above relation one obtains
Combining the relations (15) and (16) we arrive at
Since P is an arbitrary one-dimensional projection, it follows from the above relation that D 0 (A m ) = 0 for any A ∈ A(X). Thus we have
which means that
for all A ∈ A(X). The proof of the theorem is therefore complete.
We proceed with the following conjecture.
Conjecture 2. Let R be a semiprime ring with suitable torsion restrictions and let D : R → R be an additive mapping satisfying the relation
for all x ∈ R and some fixed integers m ≥ 1, n ≥ 1. In this case D is a derivation.
We are going to prove the above conjecture in case a ring has the identity element.
Theorem 3. Let m ≥ 1, n ≥ 1 be some fixed integers and let R be a 2, m and n−torsion free semiprime ring with the identity element. Suppose we have an additive mapping D : R → R satisfying the relation
for all x ∈ R. In this case D is a derivation.
From the above relation it follows immediately that D(e) = 0, where e stands for the identity element. With the same approach as in the proof of Theorem 1 we obtain from the relation (17)
From the above relation we obtain after some calculation (18) D(x 2 ) = D(x)x + xD(x), x ∈ R.
In the procedure mentioned above we used the fact that R is 2, m and n−torsion free. The relation (18) means that D is a Jordan derivation. According to Cusack's generalization of Herstein theorem D is a derivation. The proof of the theorem is complete.
